Abstract. This paper continues previous work, based on systematic use of a formula of L. Scott, to detect Hurwitz groups. It closes the problem of determining the finite simple groups contained in PGLn(F) for n ≤ 7 which are Hurwitz, where F is an algebraically closed field. For the groups G 2 (q), q ≥ 5, and the Janko groups J 1 and J 2 it provides explicit (2, 3, 7)-generators.
Introduction
Let F be an algebraically closed field of characteristic p ≥ 0. The main aim of this paper, which is a continuation of [14] and [15] , is to complete the list of the finite simple groups contained in PGL n (F), n ≤ 7, which are Hurwitz. The crucial tool is a special case of a formula of L. Scott [12] (see also [13] ). Namely, let H be a group and Φ : H → GL(V ) be a representation of H on F, with representation space V = F m . For any subset A of H define: The impact of this formula on Hurwitz generation, already suggested by Scott himself, was first studied by A. Zalesski, who gave important applications [6, 20] .
In this context, a triple (x, y, xy) in GL n (F) 3 is called irreducible whenever x, y is an irreducible subgroup of GL n (F). It is called rigid when it is irreducible and equality holds in (1) , with respect to the conjugation action Φ of H = x, y on V = Mat n (F). Finally we will say that it is a (2, 3, 7)-triple when the projective images of x, y, xy have respective orders 2, 3, 7.
In [14] were classified (up to multiplication by scalars) the admissible similarity invariants of the irreducible (2, 3, 7)-triples in GL n (F) 3 , n ≤ 7. The corresponding triples are all rigid if and only if n ≤ 5. For n = 6, 7, the similarity invariants of the non-rigid ones (parametrized in [21] and [15] (2) generates a symplectic group, of type (3) an orthogonal group in odd characteristic: see Section 2 for details.
Here we prove the following: Theorem 1.1. Let F be an algebraically closed field of characteristic p > 0. Let H 7 be an irreducible subgroup of SL 7 (F) generated by a non-rigid (2, 3, 7)-triple, i.e., a triple with similarity invariants (3). Then p is odd and H 7 is a subgroup of G 2 (F). Theorem 1.2. Let F be an algebraically closed field of characteristic 2. Let H 6 be an irreducible subgroup of SL 6 (F) generated by a non-rigid (2, 3, 7)-triple, i.e., a triple with similarity invariants (2) . Then H 6 is a subgroup of G 2 (F).
By an old, non-constructive, result of G. Malle [10] , the simple groups G 2 (q) are Hurwitz if, and only if, q ≥ 5 (but they are (2, 3)-generated for all q). In the last Section we provide explicit Hurwitz generators of G 2 (q), q ≥ 5, and of the Janko groups J 1 over F 11 , J 2 over F 4 . Also the Ree groups 2 G 2 3 2a+1 are Hurwitz for all a ≥ 1. Explicit (2, 3, 7)-generators for these groups can be found in [19] .
With the already mentioned classification of the irreducible (2, 3, 7)-triples and the knowledge of the maximal subgroups of PSp 6 (q) and G 2 (q), Theorems 1.1 and 1.2 allow to complete the list of the finite simple groups contained in PGL n (F), n ≤ 7, which are Hurwitz (up to isomorphism). They are the groups above, the symplectic groups PSp 6 (q), 5 ≤ q odd (see [16] ), and the following groups, all generated by rigid triples: [14] . Clearly rigidity restricts the isomorphism types: at most one for fixed p and n. For an interesting discussion of this aspect we refer to [11] .
Preliminary results
We recall that F is an algebraically closed field of characteristic p ≥ 0. Let (x, y, xy) be an irreducible triple in GL n (F) 3 with similarity invariants (2) if n = 6, and (3) if n = 7, and set H n = x, y . We consider the diagonal action of GL n (F) on the space F n ⊗ F n , identified with Mat n (F), namely the action B → gBg T for all B ∈ Mat n (F), g ∈ GL n (F). The symmetric square S = S(F n ) and the exterior square power Λ 2 = Λ 2 (F n ) can be identified, respectively, with the spaces of symmetric matrices and antisymmetric matrices with zero-diagonal. The spaces S and Λ 2 , being GL n (F)-invariant, give rise to representations of H n on F of respective degrees n(n+1) 2 and n(n−1) 2 . In the notation explained in the Introduction, with respect to the action of H n on S, by point (i) of Lemma 1 of [14] one has: We are left with n = 6 and p odd. As in [21] , we consider the action of H 6 on It is well known that the space of the m-linear forms on V = F n (n ≥ m) can be identified with the skew-symmetric tensor product ∧ m (V * ), acting on V m via:
We may define a representation Φ :
We claim that the representation g → Φ g −T is the dual of Φ. Indeed, let {e 1 , . . . , e n } and {e 
Identifying Φ(g) and Φ g T with their matrices with respect to B we have Φ g T = Φ(g) T , whence our claim. Using this fact we can prove Theorem 1.1.
Proof of Theorem 1.1. Let V = F 7 with basis {e 1 , . . . , e 7 }. By [15] , we can assume that H 7 = x, y , where the similarity invariants of x, y, xy satisfy (3). As done before, we may identify the space of the alternating trilinear forms defined on V with the space ∧ 3 (V * ) and consider the representation Φ : GL(V ) → GL ∧ 3 (V * ) previously introduced. We apply formula (1) to this action:
Considering the rational form of x, y and xy we obtain d
As Φ(h) T = Φ(h T ) for all h ∈ H 7 we obtain thatd
Thus H 7 fixes a non-zero alternating trilinear form which, by [1, Theorem 5(5)], must be a Dickson form. We conclude that
For p = 2, n = 2m, by a classical result of Dieudonné [5] the orthogonal group Ω 2m+1 (F) is isomorphic to Sp 2m (F). We need an explicit isomorphism. Call Q the quadratic form which defines Ω 2m+1 (F), call g the associated symmetric bilinear form of rank 2m and v 0 the radical of g. Then Ω 2m+1 (F) fixes v 0 and induces a symplectic group on 
The map h → h 2m is an isomorphism. Now let p = 2 and (x 6 , y 6 , x 6 y 6 ) be an irreducible triple with similarity invariants (2). As proved in Section 2, it generates a subgroup of Sp 6 (F). Its preimage (x 7 , y 7 , x 7 y 7 ) in Ω 7 (F) has similarity invariants (3). Since the eigenspace of x 7 y 7 relative to 1 has dimension 1, it must coincide with v 0 . Let B = {v 0 , v 1 , v 2 , v −3 , v −1 , v −2 , v 3 } be a basis of eigenvectors of x 7 y 7 , with (x 7 y 7 )v i = ε −i v i for i = 0, ±1, ±2, ±3, where ε ∈ F is a primitive 7-th root of 1. With respect to B the Gram matrix J of the bilinear form g fixed by x 7 , y 7 is J = 0 0 0 J 6 with J 6 fixed by x 6 , y 6 .
Multiplying v 1 , v 2 , v −3 by scalar multiples, if necessary, we have J 6 = 0 I 3 I 3 0 .
Hence we may suppose:
The conditions x 
We want to prove that, whenever H 6 = x 6 , y 6 is absolutely irreducible, then H 7 = x 7 , y 7 fixes a Dickson form, whence
To this purpose we need some auxiliary results, starting with:
Remark 3.1. Any perfect irreducible subgroup of SL 6 (F) containing an involution x with similarity invariants t 2 + 1, t 2 + 1, t 2 + 1 cannot be orthogonal. Indeed I − x has rank 3 and so the quasideterminant of x is (−1) 3 = −1, whence the contradiction x ∈ SO 6 (F) ′ = Ω 6 (F) (e.g., see [18, p. 160] ).
Proposition 3.2. Let K be an irreducible subgroup of SL 6 (F) generated by a (2, 3, 7)-triple whose similarity invariants are (2). Then K does not fix any non-zero alternating trilinear form.
Proof. By the above discussion we may suppose that K is generated by x = x 6 , z = x 6 y 6 as in (7). Proceeding by way of contradiction, let f be a non-zero alternating trilinear form fixed by K. We have
. Thus:
, for some λ, µ ∈ F. Assume µ = 0. In this case v −1 , v −2 , v 3 ≤ rad(f ) and so rad(f ) is a non-trivial subspace of F 6 fixed by K. Since K is irreducible, we obtain rad(f ) = F 6 and so f = 0, a contradiction. The same holds if λ = 0. It follows that both λ and µ are non-zero and, multiplying by λ −1 , we may assume:
we get, respectively, a 2,2 = a 1,1 · a −3,−3 and a −3,−3 = a 1,1 · a 2,2 . It follows that either a 1,1 = a 2,2 = a −3,−3 = 0 or a 1,1 = a 2,2 = a −3,−3 = 1. In the first case A = 0 and it is clear from (7) that y = x(xy) cannot have order 3. In the second case, A = I, whence the contradiction 1 = Tr(x(xy)) = Tr(y) = 0.
Case 2. Some non-diagonal entry of A is not zero. We may suppose that it is in the first column, up to the permutation (v 1 v i ) (v −1 v −i ) for some i = 2, −3. We claim that a 2,1 = 0 if, and only if, a −3,1 = 0. Indeed, suppose a 2,1 = 0. The subspace S 1 = {s ∈ F 6 | f (v 1 , xv 1 , s) = 0} is x-invariant and contains v −1 , v −2 , v 3 , v 1 . If a −3,1 = 0, then v −3 ∈ S 1 . As v 2 ∈ S 1 the space S 1 has dimension 5 and is fixed by K, a contradiction. Thus a −3,1 = 0 and the same argument shows the opposite implication. Conjugating x and z by diag a (7)).
For j ∈ {−1, −2, 3} we obtain:
whence a −3,−1 = a 2,−1 , a −3,−2 = a 2,−2 and a −3,3 = a 2,3 . After these substitutions, for j ∈ {1, 2, −3} we get
We conclude that v 1 , v 2 , v −3 is an x-invariant subspace, hence a K-invariant subspace, a contradiction. Proof. Any complement should coincide with the space W = v 1 , . . . , v 3 generated by the eigenvectors of x 7 y 7 relative to the eigenvalues = 1. This happens only if a T x = 0 in (6). In this case H 6 preserves the restrictionQ = Q |W , where Q is the quadratic form fixed by H 7 . The symmetric form associated toQ has Gram matrix J 6 , as above, which is non-degenerate. HenceQ is a quadratic form. This implies that H 6 is an orthogonal group, in contrast with Remark 3.1.
Lemma 3.4. If H 6 is irreducible, then v 0 is the only proper H 7 -invariant subspace of
Proof. Let U be a proper H 7 -invariant subspace. By the irreducibility of H 6 we have either U ∩W = 0 or U ∩W = U . In the first case U has dimension 1. Hence the perfect group H 7 induces the identity on U . This gives U = v 0 , the eigenspace of x 7 y 7 relative to 1. The second case cannot arise, since U would be an H 7 -invariant complement of v 0 , in contrast with the previous Lemma. The second part of the statement follows noting that v T 0 is the eigenspace of (x 7 y 7 ) T relative to 1 and using the fact that H T 6 is not orthogonal by Remark 3.1. Lemma 3.5. If H 6 is irreducible, then the group H 7 fixes a non-zero alternating trilinear form on V .
Proof. Proceeding as in the proof of Theorem 1.1, we take the action of H 7 on the space of trilinear forms, that we identify with Λ 3 (V * ), obtaining
It suffices to show that d
Λ 3 (V * ) ≤ 1. So letf be a non-zero alternating trilinear form on V fixed by H 
Proof of Theorem 1.2. First, considering in Proposition 3.2 K = H T 6 , we obtain that the group H T 6 does not fix non-zero alternating trilinear forms. Hence, Lemma 3.5 implies that H 7 fixes a non-zero alternating trilinear form f on 
For every element of
6 v, h −1 6 w) and so H 6 fixes a non-zero alternating trilinear form f on V , in contrast with Proposition 3.2 (take K = H 6 ).
Hurwitz generators for G 2 (q)
In this section we set q = p a , where p is a prime, and consider F as the algebraic closure of the finite field F q . Our aim is to find explicit Hurwitz generators for the groups G 2 (q), which are Hurwitz only for q ≥ 5 [10] .
Let p = 2 and q ≥ 8. Our generators x 6 , y 6 and their product x 6 y 6 have similarity invariants (2) , hence are conjugate to the matrices in (7), but are different. Indeed they are obtained from family (IIa) in [21] for special values of the parameters, as well as the Hurwitz generators of PSp 6 (q), 5 ≤ q odd, used in [16] .
For each r ∈ F q \ F 4 we set Lemma 4.1. The group H is absolutely irreducible, except when:
In particular, if H is absolutely irreducible, then it is a subgroup of G 2 (q).
Proof. For the absolute irreducibility of H apply [16, Lemma 2.1] to the case 8 ≤ q even, r ∈ F q \ F 4 . For the second claim of the statement, apply Theorem 1.2.
Now we want to exclude that H is contained in a maximal subgroup of G 2 (q). By [4] , the absolutely irreducible maximal subgroups M of G 2 (q) are of type:
Proof. If our claim is false, H arises from an action of SL 3 (F) on the symmetric square S(F 6 ) (see [8, 5.4.11] ). But, in this action, an involution has similarity invariants t + 1, t + 1, t 2 + 1, t 2 + 1, different from those of x 6 .
Remark 4.3. The field of definition of a subgroup H of GL n (q) is the smallest subfield F q1 of F q such that a conjugate of H, under GL n (F), is contained in GL n (F q1 )(F * I), where (F * I) denotes the center of GL n (F). This is to ensure that no conjugate of the projective image of H lies in PGL n (F q0 ) for some q 0 < q 1 . Clearly, when H = H ′ is perfect, F q1 coincides with the smallest subfield of F q such that a conjugate of H is contained in SL n (F q1 ), the derived subgroup of GL n (F q1 ) (F * I).
Theorem 4.4. Let x 6 , y 6 as in (10) with r ∈ F q \ F 4 , 8 ≤ q even, such that:
Then H = x 6 , y 6 = G 2 (q) and there exists r ∈ F q \ F 4 satisfying (i) and (ii).
Proof. Condition (i) implies that H is absolutely irreducible (Lemma 4.1) and by the same lemma we have that H ≤ G 2 (q). Let M be a maximal subgroup of G 2 (q) which contains H. Since H is a Hurwitz group, it is perfect and so it is contained in the derived subgroup M ′ of M . By [16, Lemma 3.2] , the minimal field of definition of H is
} by Lemma 4.2. It follows that H = G 2 (q). We now prove that, for q > 4, there exists r ∈ F q \ F 4 , where q = 2 a , satisfying Conditions (i) and (ii). For each α ∈ F q such that For the rest of this Section, we suppose 5 ≤ q odd. In this case our generators have similarity invariants (3) hence are conjugate to the matices in (6), but are different. Indeed we take them from family (II) in [15] .
For each r ∈ F q define H = x 7 , y 7 , where In particular, if H is absolutely irreducible, then it is a subgroup of G 2 (q).
Proof. For the absolute irreducibility of H see the proof of Theorem 1, page 2131, in [15] . For the second claim of the statement, apply Theorem 1.1.
We notice that [x 7 , y 7 ] = x 7 y −1 7 x 7 y 7 has trace 3 and characteristic polynomial (13) 
Again we want to exclude that H is contained in a maximal subgroup of G 2 (q). For q odd, the classification is due to P. Kleidman in [7] . We summarize in Table  1 • G 2 (q 0 ), where F q0 is a subfield of
• SL 3 (q) : 2 and SU 3 (q 2 ) : 2, p = 3; 
Since H is a Hurwitz group, it is perfect. So if H is contained in a maximal
Lemma 4.7. Assume 5 ≤ q odd, H absolutely irreducible. Then: (i) H is never contained in any maximal subgroup M isomorphic to one of the following: PSL 2 (13), PSL 2 (8), G 2 (2), 2 3 . PSL 3 (2), J 1 ; (ii) H is contained in a maximal subgroup M ∼ = PSL 2 (8) iff q = 17 and r = 1.
Proof. We proceed case by case. If H ≤ M , then (x 7 , y 7 , x 7 y 7 ) must coincide with some (2, 3, 7)-triple (g 2 , g 3 , g 2 g 3 ) in M . Since [x 7 , y 7 ] has trace 3, we are interested in those triples such that 3 = Tr ([g 2 , g 3 ]) . The possible values of these traces are read from the ordinary and modular character tables of M .
and H is contained in a subgroup M isomorphic to PGL 2 (q). Also in case (ii) it is always possible to choose r such that H = G 2 (q).
Proof. The group H is absolutely irreducible by Lemma 4.6 and the assumption r 2 + 15r + 100 = 0 and so it is a subgroup of G 2 (q). Suppose that there exists a maximal subgroup M of G 2 (q) containing H. Condition F q = F p [r] implies that F q0 is the field of definition of H (see [15, Remark 6] 7 must be a 3-element and so have trace 1. However this gives r(r 2 − 1) = 0 and so r ∈ F 3 , a contradiction with the assumption F q = F 3 [r]. Thus H is not contained in any subgroup of Table 1 and we conclude that H = G 2 (q).
Now suppose that we are in case (ii). Then either H = G 2 (q) or H ≤ M ′ with M ∼ = PGL 2 (q). In G 2 (q) there is just one conjugacy class of maximal subgroups isomorphic to PGL 2 (q). Thus, by the information given before the statement, there are at most 3 non-conjugate Hurwitz triples in G 2 (q) which can generate PSL 2 (q). By Lemma 4.9, different values of r give rise to non conjugate triples. So we have to exclude at most 3 values of r to avoid H ≤ PGL 2 (q). Clearly we have to exclude at most 2 values of r for the absolute irreducibility. We also note that, if H ≤ PGL 2 (q), then q = 17. Our last claim now follows from the inequalities: p ≥ 7 > 2 + 3 if q = p ≡ 0, ±1 (mod 7), and p 3 − p > 2 + 3 if q = p 3 .
For sake of completeness, we provide Hurwitz generators also for the Janko group J 1 . Consider the following matrices x J1 , y J1 ∈ SL 7 (11) (Family (I) of [15] , with r 3 = 2 and r 4 = 4): Again, by a Magma calculation, the group H = x J1 , y J1 is isomorphic to J 1 .
